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ABSTRACT 

Both primal and dual methods of  linear programming consist  of 

relatively efficient ways of searching among certain sets of points 

for one at which an extreme value of a  linear  form is attained.     For 

a given problem the  primal search is applied  to one set of  points 

and the dual search  to another set.     It  is  of  interest  to compare  the 

possible cardinalities of  these sets  for guidance as  to which method 

is preferable  in various  circumstances.     Let     TT(d,n)     and     n(d,n) 

denote respectively   the minimum and  the maximum of  the cardinality 

of the set  to which  the primal search  is  applied, when the   feasible 

region is a d-dimensional polyhedron having    n    facets and  reasonable 

nondegeneracy conditions are satisfied.     Let     6(d,n)     and    u(d,n)     be 

similarly defined  for dual  searches.     Various  results on  these  num- 

bers are obtained,   leading  in particular  to  the conjecture  that 

n(d,n)  l A(d,n)    when    n  >  2d,    while     n(d,n)   > A(d,n)    when    n  <   2d. 
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Proof»   Let Y be a Haar set consisting of the d points of a 

linear basis for R  together with n-d strictly negative combinations 

of these points.  Then m^(d,n) < b(Y) = n-d. 

Now consider an arbitrary Haar set X consisting of n points 

x,t*»'tx      which positively span R ,  and let  C  denote the set of all 

convex relations on X.  That is, C is the set of all n-tuples 

(Y, ,*#*,Y ) of real numbers satisfying the following conditions: 
i     n 

(15) Yi > 0, i = l,---,n, 

do) r1yi - 1. 

(17)  VnY * - 0. 
I11 

where of course the 0 in (17) is the origin of  R .  For k = 1,2,3  let 

C.  denote the set of all points  (Y,,***^ )  of  R  which satisfy 

condition  (14 + i) .  Then  C  is the positive orthant. of  R ,  C^  is 

a hyperplane in R Mü},  and since R  is linearly spanned by X  the 

set  C„  is a linear subspace of deficiency  d  in  R .  By a theorem 

of Davis (3.6 of [4j) tue set  X admits a strictly positive relation 

and hence C includes an interior point of  C .  Since C = C He Oc 

we conclude C  is an  (n-d-l)~polytope whose facets are all of the form 

F ■ (YtC-.y = 0}.  Recalling that X  is a Haar set, we see that  C  is 

simple, and a set F  is a facet of C  if and only if F  is nonempty, 

From this or from another theorem of Davis (4.4 of [4], which applies to 

arbitrary positively spanning sets) it follows that the vertices of    C 

are exactly the convex relations supported by the various positive bases 

contained in X. 
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